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1. INTRODUCTION 
A recent series of papers by Wales [17,24,2§] and the author [15-171, together 
with an earlier paper of Herzog [12], g ave a complete classification of simple 
groups of order paqbrc (p, q, Y prime) with cyclic Sylow r-subgroups. This paper 
treats the simplest noncyclic case-that in which a Sylow r-group is elementary 
Abelian of order ra. The main result is: 
THEOREM 1. Let G be a simple group of order paqbr2, p, q, Y prime numbers, in 
which the centralizer of every involution is 2-constrained. Then G N PSL,(s) for 
s = 5, 8, 9, OY 17. 
The four groups listed in the theorem have orders 22 * 3 . 5, 23 . 32 . 7, 
23 * 32 + 5, and 24 * 32 . 17, respectively. Only eight simple (p, q, r}-groups 
are known: the four listed above plus PSL, (7), PSL, (3), PSU, (3), and PSp, (3). 
In each of these groups, centralizers of involutions are 2-constrained; in fact, 
only PSp, (3) fails to be an N-group. Thompson’s N-group paper [20] shows 
that, in any simple {p, q, r}-group, the primes p, q, Y must be 2, 3, and s, with 
s ~(5, 7, 13, 17). For groups of order paqbr2, we must consider three cases: 
223bpc, 2”32pc, and 2a3b~2. In the first case, however, the Gorenstein-Walter 
theorem [9] applies; G must be isomorphic to PSL, (5). 
The proof of Theorem 1 will rely heavily on the techniques of modular 
character theory. A block-theoretic argument will show that G has no elements of 
order 6 if 1 G ] = 2a32pc and no elements of order 2r if j G 1 = 2a3br2. The first 
case is handled by giving a complete classification of simple (2, 3, p)-groups with 
no elements of order 6. In the second case, further application of character- 
theoretic methods yields eventually that G has no elements of order 3r-that is, 
a Sylow r-subgroup of G is strongly self-centralizing. This is the same information 
that Wales and the author obtained almost immediately in [17] for the case of 
cyclic Sylow r-groups. Several arguments developed for the cyclic case are useful 
here in completing the proof. 
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Brauer has conjectured that a block of characters with an Abeiian defect 
group contains only characters of height 0 (see [2] for definitions). For blocks 
of defect two, the conjecture has been proven; it plays a critical role in the proof 
of Theorem 1. In fact, only trivial changes are necessary in Sections 3 and 4 in 
order Co obtain: 
if G is a simple group of order 2”3hpc with an Abeiian Sylom 
3-shabgroup, in which centralizers of invo~~~~o~s are 2-contrained, and 
if Brauer’s conjecture holds for the principal 3-block of G, then 
G N PSI&) for s = 5, 7, 8, 9, QK 17. 
Although we do not obtain a similar result if the Sylow p-group is Abelian, we 
can say that G has no elements of order 2~. 
We remark that groups of order paqbr2 arise quite naturally in several other 
problems, i.e., classification of simple groups of low order and determination of 
groups with an irreducible matrix representation of amalf degree. 
Most notation used here will be the standard notation of finite group theory; 
this can be found in Gorenstein’s book “Finite Groups” [S]. The letters p, q, 
and r will always denote prime numbers. Syl,(G) denotes the set of Sylow 
p-subgroups of c. '41he sets 7~~ , v2, r2, and r4 are defined as in the ??-group 
paper [20]; if T E Syl,(G), 
PET1 if T .is cyclic, 
$3EtTTig if T is noncyclic but contains no normal subgroup of 
type (Pi P, Ph 
P E r3 if T contains a normal subgroup of type (pr p, p) and if T 
normalizes a nonidentity p’-subgroup of G, 
PET&l otherwise. 
,,(p> will always denote the principal p-block of 6. 
From the classification theorems for simple groups of order 2"3*p" with cyclic 
Syfow 3-groups or p-groups, we easily obtain the two lemmas that follovv. 
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(a) S is a Frobenius group of order t . pe, t dividing p - 1, or 
(b) S’ ‘v PSL,(s), s = 5, 7, 8, 9, 17, PSL,(3), PSU,(3), OY PSp,(3), and 
S _C Auto. 
From various theorems about simple groups in general, we can deduce a 
number of properties of an unknown simple group of order 2”3ap” or 2a3b~2. 
LEMMA 2.3. Let G be a simple group of order 2a32pc OY 2a3br2 in which the 
centralizer of every involution is 2-constrained. Assume that G is not isomorphic to 
PSL,(s), s = 8, 9, 01 17. Then 
(4 2Er4, and all 2-local subgroups aye 2-constrained, 
(b) if H is a 2-local subgroup of G, O,,(H) = 1, 
(c) if 1 G / = 2a3br2, T = 5, 7, 13, OY 17, 
(d) $1 61 =2a32pC,p = 50~7, 
(e) G has a 2-local subgroup that is nonsolvable, 
(f) if j G j = 2a3by2, a Sylow r-group is elementary Abelian, and if [ G / = 
2a32pc, a Sylow 3-group is elementary Abelian. 
Proof. All 2-local sugroups of G are 2-constrained by [6, p. 801. A theorem of 
Sehgel [19] yields 2 $7~~ . Then (a) and (b) follow from results of Goldschmidt 
and Gorenstein (see [6]). Parts (c) and (d) . ale consequences of Corollary 4 of the 
N-group paper [20]; note that ifp were 13 or 17 in (d), G would involve PSL,(3) 
or PSL,( 17), but 33 divides j PSL,(3) /, and PSL,( 17) has cyclic Sylow 3-groups of 
order 32. The Gorenstein-Lyons theorem [S] gives (e). Part (f) follows from the 
classification theorems in [12, 15-171. 
3. CHARACTER-THEORETIC RESULTS 
In this section, we apply modular character theory to obtain information about 
groups with three prime divisors. In general, the goal of character-theoretic 
analysis will be to restrict the centralizers of certain group elements. 
A subgroup K of a group His called strongly self-centralizing if C,(R) = K 
for every nonidentity element K of K. 
PROPOSITION 3.1. Let G be a simple group of order paqbr2. Let v be an element of 
G of order Y with / C,(v)/ > r2. Then there exist Sylow y-subgroups R, and R, with 
(v) = 112, n R2 . 
Proof. By symmetry, we may assume that G contains an element u with 
1 u / = p and uv = vu. Since uz’ is p-singular, block-section orthogonality 
implies that J&+) x( 1) x(uv) = 0. Let Sz, denote the field of n’th roots of unity, 
where n = exp(G), and let Q be a prime ideal containing q in the algebraic 
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integers of .I?, . There must be a nonidentity character x in B,(p) with 
~(1) X(W) $Q. In particular, x(l) + 0 (mod q) and X(W) + 0. We may writhe 
~(1) = pm@ with 22 < 2. If K = 2, x would lie in an p-block of defect 0, contrary 
to 2121 being Y-singular and x(uV) not vanishing [5, Chap. 4, Lemma 7.131. Tf 
h = I, x lies in an r-block of defect 1; the defect group D of order I’ must be an 
intersection of Sylow r-subgroups [IO, Theorem 2]; since X(W) f 0, u is conjugate 
to ar? element of D, so (u> is a Sylow intersection and the proposition holds. 4f 
k = 0, x(l) = pm; since x E B,(p), this contraiiicts a theorem of Brauer and 
Tuan [4, Lemma 21. 
PR@POSITIOlV 3.2. Let G be a simpleg~~zq oforder Pqbr2 in which the centmhker 
of every imobtion is 2-constrained. Then G contaim 1zo elements of order 2~. 
PYGG~. Assume 1 u : = 2, I v 1 = r, and ~9 = W. Since US is r-singular, 
c &3 :r; x(l) x(ufJ) = 0. A s in the proof of Proposition 3.1, there exists a non- 
iden&y character x in B,(r) for which x(l) + 0 (mod 3) and X’(W) + 0. Since 
B,(r) has defect 2, x has height 0 in E&(Y), se x(i) = 2”’ for some WL A theorem of 
Brarrer and Tuan [4, Lemma 21 implies x $ B,(2). If G is one of the groups listed 
in Lemma 2.3, the proposition follows by inspection; otherwise 2 ETT~ i and a 
theorem of Wales f22, Corohary 3.41 implies that every nonprinclpai Zbiock of G 
has defect 0, Thus m = a, and x vanishes on 2-singuiar eiements, contrary to 
x(uvj # 0. 
CORou.ARY 3.3, Let G be a simple group of ordelp 2a3br2 in whiccdz the centralize 
of every ~~~o~~t~on is Z-constrained. Assume ,further that G is ~~~~~~aa~ with ?,espct 
to these propedes. Then eaevy proper subgroup of G of order di~isibb by r” is 
.~olvable. 
Prooj. Let H be a proper subgroup of G with ~a dividing j H ‘. O,,(H) is a 
{2, 3j-group and hence solvable. Let R = H/O,(H), and let R be a minimal 
normal subgroup of 4-p. Proposition 3.2 certainly implies that B and AT have no 
elements of order 2~. The centralizer of every involution of R is soivab:e and 
h.ence is 2-constrained; by minimahty of G, R is not a simple group of order 
2n’3nr,e. Aiso, i? is not a direct product of two simple groups of order 2m3~r. If 
R is a simple group of order 2”3?, then it is one of the groups listed in Section I ; 
in particular, &? has no outer automorphism of order Y. But then some y-elemen: 
of H must centrahze I??. If %? has order y2, then H/K is a {2, 3j-group and hence is 
solvable. If / R 1 = Y, then R is solvable since a Sylow 2-subgroup of IT acts 
faithfully on a and thus is cyclic. 
COROLLMTY 3.4. Let G be a simplegroup of order 2a3br2 in which the centratixer 
of eomy involution is 2-cofistrained. Let T E Syl,(G)). 6j kl Sybw r-subgroup qf G is 
not strwgly self-centraE..ing, then 
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(a) sc~3(T) # !a (i.e., 3 E “a u ST*); 
(b) / T j > j C&v)/ 3 3f(T) f or some e~~ent.v in each class of r-elements 
which centdixe 3-elements; here f (5) = 4, f(7) = 6, f(13) = 3, aadf(l7) = 16. 
If 1 C,(w)j = 3f(T) C,(v) is elementary Abe&an. 
Proof. Let v be an r-element centralizing a nonidentity r’-element; by 
Proposition 3.2, Co(v) is a (3, r}-group (hence solvable). By Proposition 3.1, 
<v> is a Sylow intersection; this implies O,(C,(v)) = 0,(&(v)) = (u) and 
1 O,(C,(v))I > 1. An r-element of C,(a)/(v) acts nontrivially on Os(CG(w)); 
this implies that / O,(Co(v))/ 3 31(r) with equahty only if O,(C,(v)) is elementary 
Abelian. Replacing u by a conjugate if necessary, we may assume 0,(&(v)) C 
C,(w). Also, C,(v) + T, for else j Co(w)1 = 3 b~2, and z’ would have 2a conjugates, 
contrary to a theorem of Burnside [S, Chap. 4, Lemma 3.21. Thus (b) holds. 
Since O~(~~(~)) has an autonlorphism of order Y, there must be a subgroup of 
type (3, 3, 3) h OUCH) and hence in T [5, Chap. 5, Theorem 4.15($]. 
Theorem 4.15(i) of [S, Chap. S] implies that T must actually contain a normal 
subgroup of type (3, 3, 3). Thus (a) holds. 
PROPOSITION 3.5. If a group G has a faithf I u irreducible character x of degree 
pm, m 2 1, andif Z(G) == I, then the Sylow p-subgroups of G are self-centralizing. 
Proof. Let P E Syl,(G). Supp ose that t is an element of prime order q, q # p, 
with t E C,(P). Since GCD(x(l), 1 G : C,(t)\) = 1, either x(t) = 0 or [ x(t)1 = x(1) 
[S, Chap. 4, Lemma 3.11. The first alternative is impossible, however, as x(t) 
must be congruent to x(l) modulo q; the second is impossible since it would 
imply t E Z(G) = 1. 
COROLLARY 3.6. Let G be a ornate Eroz$ of order pGqbr2. Let P E Syl,fG) and 
Q E SyI,(G). Let w be any elemnt of order T, a& let g 6e say r-regular e~e?~~t of 
cc&>* 
(a) G has nonidentity irreducible characters x1 and xz ila B,,(r) with xl{ 1) = p” 
for some m, xl(m) # 0, ~~(1) = q”fobr some n, andx,(uv) # 0. 
(b) If p = 2 and the centralixers of involutions of G are 2-constrained, then 
m = a. 
(c) P and Q are self-centralizing. 
Proof. By block-section orthogonality, CXEB,(T) x(l) x(uv) = 0. As in the 
proof of Proposition 3.1, B,(r) contains nonidentity characters x1 and xz with 
~~(1) = pnzys, xr(uv) # 0, ~~(1) = q?“, and X,(UU) f 0. x = y = 0 since B,(r) 
contains only characters of height zero. Thus (a) holds. A theorem of Brauer and 
Tuan [4, Lemma 2J shows x 6 B,,(2); then part (b) follows from a theorem of 
Wales 122, Corollary 3.4]. Fart (c) follows from part (a) by Proposition 3.5. 
4. 1’HE GASE j G j = 2”32p” 
If G is a simple group of order 2a32pc in which the centralizer of every involu- 
tion is 2-co~s~~ai~ed, I’roposition 3.2 implies that G has no eleunents of order 6. 
The proof of Theorem 1 for the case 1 G i = 2a32pe will be complete once the 
following theorem is proven. 
THEOREM 4.1. Let G be a simple group of W&T 2”39” witA no elerne?zts @ 
OYdeY 6. Then @ N PSI&), s = 5, 7, 8, 9, OY 17. 
In the proof of ~ro~os~t~on 3.2, it was not real@ necessary to hzve ; G / == 
PgV; it would hzve been sufhcient to assume that G was a simple group of 
order 2aqbr~ with Abelian Sylow r-groups and that rauer’s conjecture on 
blocks with Abehan defect groups held for BO(r). This observation, together with 
Theorena 4.1, yields 2 classification of sinnple (2, 3, p&groups in which the 
Sylow 3-groups are Abelian and Brauer’s conjecture holds. 
The remainder of Section 4 is devoted to proving ~beore~ 4. f . 
LEMMA 4.2. Let G be a counterexampk to ~h~o~ern 4.1. 
(a) 2 E r4 . .Iffhy is a 2-local subgroup 0f G, His 2-~G~s~~a~~~~ L.EP& O,(R) = I * 
N has cyclic Sylow 3-s~bgyQ~~s~ If N is ~~~~~l~~b~~~ ct l?sY&..§)> s = 5, 
7, 8, QP 17. 
(b) The 3-&d ~~bg~~~~~ of G are s5~v~~~~. 
Prooj?. The centralizer of every involution of G is a (2, p)-group and therefore 
solvable. Exactly as in the proof of Lemma 2.3, we obtain that 2 E TT~ an 
all Z&-local subgroups are 2-constrained and core free. A Sylow 3-subgroup Tof a 
Z-local subgroup W must be cyclic, since T acts on ~~(~) with each ~on~dent~t~ 
element acting axed-point-freezer [5, Chap. 5, Theorem 3.161. Lemma 2.1 lists 
alternatives for H/O&E-I>; after discarding those that contain eleanents of order 
6, we obtain PSL,(s), s = 5, 7, 8, and 17. Thus (a) holds. 
Let 1 U j = 3” > 1. A Sylow 2-subgroup S of BIG(U) acts on U with each 
~on~de~t~ty element acting fixed-joint-freely; consequently S contains no 
subgroup isomorphic to Z, x Z2, zn d S is cyclic or generahzed ~~at~r~~o~. In 
the former case, :V,(U) has a normal 2-co~~l~~ent and therefore is solvable; 
in tki$ latter, NG(U)/O&VG(U)) h as center of order 2 and therefore must be a 
12, p)-group; again NG( U) is solvable. 
hoof. If the lemma fails, we can choose a counterexample to minimize 
1 QK 1. Let %” E Syl,(K). I? (1 K. Q is elementary Abelian; otherwise K and 
Ql~{Q) would provide a counter-example. R acts irreducibly on Q; otherwise 
writeQ=Qr XQs X 1.. XQm, where K acts irreducibly on each Qj . Let 
Kj = CK(Qj), and note OS K, = 1. If v E P and [v, t] # 1, choose j such that 
[v, t] $ Kj; then K/.& and Qj p rovide a smaller counterexample to the lemma. 
The action of t an P is nontrivial;, the action of t on any proper (t)-invariant 
subgroup of P must be trivial by minim&y of / KQ j. P is special [5, Chap. 5, 
Lemma 3.71, and t acts irreducibly an P/P and trivially on P’. This implies 
,i P j = p if p E 1 (mad 3) and i P/P’ ! --I pz if-p = 2 (mod 3). If P’ + 1, P’ is 
elementary Abelian, and P’ = Z(P) =: Z(K); if er~P’, C&u) is K-invariant. 
This implies C,(Z) = 1; then P’ must be cyclic of order 9. We are left with the 
hollowing cases: p = 1 (mod 3) and 1 P 1 = 9, p = 2 (mod 3) and P is &men&y 
of order p2 or extra special of order p3. In these cases, however, it is easy to check 
that K has no faithful $modular representation in which an element of order 3 
has no eigenvalue equal to I. In fact, the 2-modular representations are essentia.lly 
equivalent to the ordinary representations ince GCD( / K \,2) = 1. 
We now assume that G is a counterexample to Theorem 4.1. The Corenstcin- 
Lyons theorem [S] tells us that G has a nonsolvable Z-local subgroup. Among aXI 
such subgroups, choose H to maximize first j O,(H)/ and then i N I. By 
Lemma 4.2, ~~Uaf(~~ r~! PSL,(s), s = 5,7,8, or 17. Let Q = O,(H). A Frattini 
argument shows elements of Syl,(O&Z)) h a’te nansalvable normalizers; hence - 
Q E SYI~(O~~(H)). 
If X is a subgroup of iY, X will denote XQ/Q. ~~O~{~~ N h?sZa(s). Let f be an 
element of order 3 in $1. The group (t)O,(@ acts faith~lly on Qi~(Q) with f 
acting fixed-point-freely. Lemma 4.3 implies that i centralizes O,(@. It follows 
that )7 N PsL,(s) X O,(R), and H contains a subgroup rP; such that Hr Z Q 
and Z&/Q !ZZ PSL,(s), El ements of order 3 in Hr act fixed-point-freely on Q. 
For s = 7 or 17, this is impossible, as PALM has no 2-modular representation 
in which an element of order 3 has no eigenvalue equal to 1. For s = 5 or 8, the 
structure of RI is given in a theorem of Higman [13, Theorem 8.21. For m II=P 2
or 3, Q is elementary Abelian of order 2 a~ for some positive integer k, and 
HJQ rv SL,(Z”). ‘( Note SL,(4) N PSI.,,(S) and S&&3) iv PsL,@).) Q is a direct 
product of IJr-invariant subgroups; the action of $I1 on each of these subgroups 
is the natural action of SL,(2m) on a 2-dimensional vector’space over GP(ZP). 
If T f SyI&), T has class 2. If K > 2, Q is characteristic in T. 
The Gorenstein-Gilman theorem [7] implies that the SyI,ovv &subgroups of G 
are not of class 2. Thus T 4 S&(G), and therefore Q is not characteristic in T. 
It follows that K =II I. 
H acts fa.ithfulXy on Q; R is isomorphic to a subgroup of SL,,(2). For m =? 2 
and 3, S.&,(2) contains no subgroup isomorphic to SL,(2m) x Z,,,, . It follows 
that O,(R) = 1 and .& = H. 
If m =L 2, then Q is a self-centralizing elementary group of order 24, and 
H/Q = Nti(Q)/Q ~11 SL,(4); then G * k IS nown by a theorem of Harada [ll]. So 
we may assume m = 3. 
This section is devoted to proving: 
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faithfully onL and faithfully on L/@(L). Let j L/@(L)1 = 2”. Then Tis isomorphic 
to a subgroup of S.&(2). 1 SL,(Z) j = 2n@-1)12 nF=, (2i - 1) = 3~(~)~(~}, where 
f(n) = zF4 [n/(2 ‘ 3i)] and GCD(~(~), 3) = 1; here [t] denotes the largest 
integer not exceeding t. If T* E Syl,{SL,(2)), T* contains an Abelian subgroup 
U* of order 3Cn121 consisting of block-diagonal matrices, each diagonal block 
being G ?I, Ci 8, or [! 3, except that, for n odd, the last block is [l]. The irre- 
ducible characters of T* have degree at most 1 T* : U* j (from the Frobenius 
reciprocity theorem); obviously the same holds for the irreducible characters 
of T. Note that j T* : U* 1 = 3~(*), whereg(n) = C,“=, [n/(2 . 391. 
Let M = LT. By Corollary 3.6(a), G h as an irreducible character x of degree 
2”. Corollary 3.6(c) implies that C,(T) = T; hence B,(3) is the only 3-block of 
full defect. It follows that x E B,(3). A theorem of Isaacs and Scott [14, 
Theorem A] tells us that x lM has an irreducible constituent Z/ in the principal 
S-block of M. As.& = Ok, Z ker(#), #J is effectively an irreducible character of 
T, and has degree bounded by 30(“). We obtain 2” = x(l) < 1 G : .M / z/~(l) < 
(2a-nzr2)3g(n). Dividing by 2”-” and using the fact that n < m yields 
2” < Y23Q@‘. 
This bounds n as follows: 
7 Upper bound for n 
5 6 
7 7 
13 9 
17 9 
Since the subgroup T of order 3b is isomorphic to a subgroup of SL&?), b < 4 
if r is 5 or 7, and b < 5 if Y is 13 or 17. Unless r = 13, this contradicts the lower 
bound for j T j given by Corollary 3.4. 
Suppose P = 13. x(l)” = 22” < j G / < 2635X32; it follows that a < 15. But 
G has a nonsolvable 2-local subgroup H (Lemma 2.3); ~~O~(~) has order 
divisible by 2* (it involves PSL,(3)); O,(H) h as order at least 2ra since it has a 
fixed-point-free automorphism of order 13. This contradicts a < 15’. The proof 
is complete. 
LEMMA 5.4. ~~~~~ ~ypot~e~~ 5.2. Then 3 E z-, . 
Proof. By Corollary 3.4,3 E 71, U v4 . Assume 3 E us , and choose T E Syl,(G). 
Corollary 3.4 implies 1 T / > 3”. In view of Lemma 5.3, T _C NC(R) for some 
nonidentity r-subgroup R of G. 1 C,(R)\ > 32. R must be of order r, for if 
j R j = r2, C,(R) (i T, and a nonidentity element u of C,(R) n Z(T) would 
have 2” conjugates for some m, contrary to a theorem of Burnside [S, Chap. 4, 
Lemma 3.21. 
GROUPS OF ORDER @f?" 55 
Let W = O,(CG(R)) = O,(N,(R)). Proposition 3.2 tells us that C&?) is a 
{3, r)-group; hence W is a 3-group and W CI T. W # I, since T/W acts faith- 
fully on the group 0,(&J,(R)/ W) f 0 or d er r2. Let R = (v); choose w E W fi Z(T) 
with w # 1. By Corollary 3.6, there is a nonidentity character x in 
3”. x E E$(Y) implies X(GW) = x(v), and x(l) = 3” implies x(w) = 0 [5, Chap. 4, 
Lemma 3. I]. We obtain 
3” = x(1) E x(v) = x(vw) = x(w) = 0 (mod g!>> 
where 9 is a prime ideal containing Y in the algebraic integers of an appropriate 
number field. The two congruences hold because the value of x on any element x 
is congruent modulo 9 to the value of x on the r-regular part of x. Obviously 
3” + 0 (mod W), and the proof is complete. 
LEMMA 5.5. Assume Hypothesis 5.2. Then every 3-local subgroup of 
3-cm5tmined 
Proof. Suppose the conclusion of the lemma fails. From among all 3-local 
subgroups that are not 3-constrained, we may choose maximize first 
1 O,(H)j and then / N /. Set Q = Q,(H); actually, Q = 8 since the r-local 
subgroups are solvable by Corollary 3.3. 
The simple groups of order 2”3? are enumerated in Lemma 2.2. In no case 
does 32 divide the order of the outer automorphism group or of the Schur 
multiplier. None of the groups have an automorphism of order 3 centralizing an 
element of erder Y. 
The structure of non-p-constrained groups is developed in [6]. N contains 
characteristic subgroups V’ and L with the properties: k/ = ,m, E is semi- -- 
simple, [Y, L] = 1 s and Cg( VL) _C v. IIere X denotes XQ/Q whenever X is a 
subgroup of M. G has no elements of order 2~; hence j Z(E)1 is 1 or 3, and 
E/Z(z) is a simple group of order 2m3% (2 m31iy2 is eliminated by Corollary 3.3). 
C&E) is a 3-group; this implies C,(E) = I? H/E IS isomorphic to a group of 
outer automorphisms of L and hence has order not divisible by 3a. 
Let W E Syl,( If); then WI O,(H). Let M = NH(W). y a Frattini argument, 
M=== >Y = MV’ = M( WQ) = MQ. As N is not 3-constrained and 
Q= i M is not 3-constrained. 
A theorem of Gorenstein [6, p. 801 states that all the p-local subgroups of a 
group are p-constrained if and only if all the maximal p-local subgroups are 
p-constrained. This implies that, in any p-constrained group M with O,(K) f 1) 
all the p-local subgroups are p-constrained. We must have H = AT~~~~~~~~~ 
for otherwise the maximality conditions for H would imply that N,(O,(H)) is 
3-constrained, contrary to the 34ocal subgroup H of NG(O,(H)) being non-3- 
constrained. Then M = NH(W) = iVj.,,~~)(0a(H)), and ICI is a non-konstrained 
3-local subgroup of N,(W). It follows that NG(W) is not 3-constrained. By the 
maximality conditions for ET, W = O,(M). 
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C,&) is a 3-group contained in Y; hence C,(L) = W. Let w be an element of L 
of order Y. W_C C,(V). If W$ Sy13(CG(v)), then there exists a subgroup W, of 
C,(v) with W q WI and 1 WI : W 1 = 3; W, C H, vi normalizes E, and W, 
centralizes 8; this implies that WI centralizes L, contrary to W = r = C&z). 
Thus WE Syl,(C,(v)). P ro osr Ions 3.1 and 3.2 tell us that (v) is a Sylow p ‘t’ 
intersection and C,(V) is a (3, r}-group. Consequently W> O,(C,(v)) 2 1. 
.iVo(Os(C&(n))) 3 (Co(W), Co(v)>, and NG(Oa(CG(~))) is a nonsolvable group of 
order divisible by r2, contrary to Proposition 3.3. This completes the proof of 
Lemma 5.5. 
The next Lemma will complete the proof of Proposition 5.1. 
LEMMA 5.6. Hypothesis 5.2 does not hold. 
Proof. Assume Hypothesis 5.2 holds. In view of Proposition 3.2, G must 
contain elements u and v with 1 u / = 3, [ z, / = Y, and uo = vu. Since the 3-local 
subgroups of G are 3-constrained and 3 E n4 , a theorem of Wales [22, Corollary 
3.41 tells us that every nonprincipal 3-block of G has defect 1 or 0. By Proposi- 
tion 3.6, there is a nonidentity character x in B,(r) with x(l) = 3” and x(uv) # 0. 
The Brauer-Tuan theorem [4, Lemma 21 implies that x is not in the principal 
3-block of G, and x is not in a block of defect 0 since x(zlv) # 0. Thus 
x( 1) = 3b-1. 
Let 1 C,(V)\ = 31nY2. Let x1 , xz ,..., xt be the algebraic conjugates of X. 
I G : G($l x&9/x4) is an algebraic integer for each j; consequently, 
I G : G(4l” l-h xd~)/xU> t is a rational integer, and 3t(“-1) must divide n13 xj(v). 
xj(v) # 0 since xj(v) = xj(I) = 3b-1 (mod r). Then I &xi(v)/ 3 3t(m-1) and 
1 xj,(u)l > 3”-l for some j, . xj, E J?&(Y) since x5, is an algebraic conjugate of X. 
If His any group and p is a fixed prime, define h(H, g) = C+EBO(p) 1 #(g)i2 for 
g E H. The properties of h are developed by Brauer in [l]. We apply them with 
p = Y, H = G, and g = v. X(G, V) > / x~,(TJ)~~ 3 32m-2. However, h(G, ZJ) = 
W&(4, 1) = ~(G(~)/O,J(CO(~)>, 1). G&>/Q~(G(~>> N <v> x X, where 
/ X I = Y or 3r; consequently h(G, V) < 3r 2. Combining the two inequalities for 
h(G, ZJ) gives m < 8 + log, ^J. For Y = 5, 7, 13, and 17, m is bounded by 2, 3, 3, 
and 4, respectively. Unless Y is 13, this contradicts the lower bound for m given 
in Corollary 3.4. 
Assumep = 13. Corollary 3.4 implies m = 3. Let S = O,(C,(v)). The proof 
of Corollary 3.4 actually shows that S is elementary Abelian of order 33; hence 
S E Syls(C,(v)) and u E S. Let S _C T E Syl,(G), X E SCN,(T), and Y = Q,(X). 
If / Y / = 33, the action of S on Y cannot be faithful. If [ Y / > 34, every element 
of S acts on Y centralizing a subgroup of order at least 32. In any case, there is 
an element s in S and a subgroup Y* of Y with I Y* I = 32 and Y* C Co(s). 
If O,,(C,(s)) f 1, a result of Wales [22, Theorem 3.21 would imply that every 
nonidentity element of Y* acts fixed-point-freely on O,,(C,(s)); this is impossible 
since Y* is noncyclic. Thus O,,(CG(s)) = 1, and another result of Wales [21, 
CoroiIary 11” says that (s) is not the defect group of any 3-Mock. An element of 
order 13 in CG(zl) but not in (v) fuses the 13 subgroups caf order 3 in S; in 
particular, (24) is conjugate to (s)- Thus (XL) cannot be a defect group for the 
3-block ~~~~a~~i~g X; it follows that ~~~~1) = ) contrary to the choice of x’~ 
The proof of Theorem 1 wiil be complete once we have shown: 
Henceforth G will denote a minimal ~o~~terexam~~e to Proposition 6.1. The 
centraiizer of every invoh3tion of G is 2-constrained; thus all the conclusions of 
Lemma 2.3 apply-to G. Several arguments devetoped by Wales in [X?, 231 are 
useful in studying the structure of 6. A recent tbeorem of Mason [IS] plays 
a key IGk. 
LEMMA 6.2. (a) The principal r-block of G contai~~s charac,~ders xl am! x2 with 
Xl(l) = 2a and x2(l) = 38. A n y non~y~ncipa~ 2-block or 3-b&k kas defect 0. 
(b) P/3” -j- Yj2” < Y2. 
3 E rr2 U r4 . If II is a 34ocal s~~g~~~~ of G, H is 3~~o~~st~u~~e~ and 
3+$F= 1. 
PKJC$ The character xl exists by Corollary 3,6(a). Coroilary 3.4 of [22] 
implies that any nonprincipal 2-block has defect 0. Corollary 3.6(c) tells us that 
B,(3) is the only 3-block of full defect; thus x1 E B,(3). Let xz be any irreduci 
character not in B,(3). Let t E G with / t j = P > E. By [2 - 54, 
z, xl(st) x2(st) = 0, where s ranges over ?-regular elements of C,(f). If s f 6: 
st is 24ngular and xl(st) = 0; however, x1(t) = x1(4) + (mod 3). It folIows 
that ~a(“) = 0. Since xa vanishes on the nonidentity elemenss of a SyPow 3- 
subgroup, it belongs to a 3-block of defect 0. The character of degree 3” from 
Corollary 3.6(a) does not lie in B,(3) by [4, Lemma 21; hence E = 6. 
Part (b) of the proposition follows from the fact that ~~(1)~ - ~~(1)~ < 1 G ‘. 
The centralizer of every 3-element is a {2,3>-group and thus is 3-constrained;, 
it follnws that every 3-local subgroup A of G is 3-contra&d. If C&,(H) f 1, 
[22, Lemma 2.11 would yield the existence of a nonprincipa! 3-block of positive 
defect. FinallyY 3 $TT~ by Lemma 2.1 and 3 $~a by [22, Theorem 4.41. 
2 Corollary 1 of [Zlj is incorrect as stated but corxct if the p-local subgmups z3rG 
p-coristrained (see R. Solomon, J. AEgebra 31 (19741, 557-561). 
In view of Lemma 2.3, Lemma 6.2, and ~Iason~s classification of certain 
groups simul~neously of characteristic-~0 and ~haracte~stic-three type, G 
must satisfy one of the following: 
(i) 3 En, , or 
(ii) every 2-local subgroup of G has cyclic Sylow 3-groups. 
P~55f. In case fi) above, the conclusion follows immediately from a result 
of Wales [23, Lemma 7,111. In case (ii), obviously G contains no subgroup 
isomorphic to 2, x Z;, x 2s ; then another result of Wales 123, Lemma %I] 
shows that there is no subgroup isomorphic to 2, x Z, x 2,. 
Henceforth S* will denote Aut(S), 
h?iIMA 6.4. If R if a ~~~~~~b~~ 2-&K& S~~OUp i7-f G thad $j = o,(H), thf??Z 
HlQ CT+ %f4), S&$(4)“, SJ48), 5t S&(Z). 1% p~Y~~cu~~r, Y & 5 or 7. 
Proof. An r-element in H acts fixed-point-freely on Or@); hence O,(H) clzl 
Q x O,(H). Lemma 6.2 tells us that O,(H) = 1. The alternatives for H/Q 
appear in Lemma 2.2. Let W = LJ,(Z(Q)); then 1 W / 3 23 because there is a 
fixed-point-free automorphism of order r. No group isomorphic to 2, x %s 
can act on W with each element of order 3 fixing only a cyclic subgroup of IV. 
Together with Lemma 6.3, this imphes that H has cyclic Sylow 3-subgroups, 
that is, H/Q ci S&(4), S&(4)*, Sl;,jX), SL,fZ), S&(2)*, PS&(l7), or PZa(17)” 
Note that S&(4) _N P,%,,(S) and SL&2) z PS&f7). The last three alternatives 
are impossible because the groups have no representation over GF(Z) in which 
every 3-efement has at most one eigenvahie equal to I, 
The character theory developed by Brauer and Leonard in [3] applies to the 
principal r-block of 6;. Let R E Syl,fG), v E R, e = ] ~~(~): R j. As 8 divides 
Y2 - 1, we can set 82 = (r a - 1)/e. The results which follow are obtained from 
(4H}, (4j), and [3, Eq. (4.9)]. If m > 1, B,( Y contains m exceptional characters, ) 
all of the same degree. If x0 is one of these characters, x0(l) = ee + &,,(mod r2) 
for some sign E and some integer b, , both independent of x,, . If x is a nonexcep- 
tional character in B,(r), x(1) E & (mod ~2) for some nonzero integer 6,. 
Moreover, 
where the sum ranges over nonidentity~ non~xception~ characters of .I!?&), 
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LEMMA 6.5. (a) If x is n nonexceptional character of G of degree 2" 0~ Y, 
tlzen bx = *1. 
PYOQ~. We shall assume x(l) = P; otherwise 2” and 3b may be interchanged 
in what follows. By Lemma 4.2, there is a character 4 with $(I) = LJb. ‘The 
proof of Sylow’s theorem shows that 2~3” r= e (mod 9). Assume first that $ is 
nonexceptional. From 2” = x(l) = b, (mod y2) and 3b = +(I) = b, (mod G), 
we obtain bxb, E e (mod Y”). But e divides r2 - 1 and I b,b, 1 < +jbx2 + b$“j < 
~12 by Eq. (A). This implies b,b, = &I, and part (a) of the lemma holds. 
p\Tow assume zj is exceptional. Then 3b = $(I) = fe -+ b, (mod P); hence 
b,(<e + b,) = e (mod ra). Multiplying by -m yields b,(c - mb,) E 1 (mod G). 
Equation (A) implies that j b, ; < Y and i E - mb, 1 < r; hence !J,,(e - mii,) = I, 
and part (a) holds. In fact, we have shown that b, = 0 if the exceptional charac- 
ters of o(~) have degree 3b or 2” and m 3 3. 
Let x1 and x2 be as in Lemma 6.2. If x1 is nonexceptional, ~~(1) = 2” = =i 
(modr2).ThrJsaEO(mod10)ifr=5andQ-Ojmod21)iff=7;inpartie- 
ular, the inequalities cf part (b) hold. If x1 is exceptional, men xe is nonexcep- 
tional and x,(l) = 3b = +I (mod r”). Then b = 0 (mod IO) if P = 5 and 
b = 0 (mod 21) if 1’ = 7. The inequalities of part (b) follow from the fact that. 
2” > 3b/~C: (Lemma 6.2(b)). 
LEMMA 6.6. The alternatives -fi/Q c? sL,(4), $L2(4)*, arzd sL,(8> of Lemma 
6.4 do not occw. 
ProojY 4f one of these alternatives does occur, H contains a subgroup Ej. 
with 1 H : HI 1 < 2 and HI/Q cv SJ~L~(~~~), m = 2 or 3. Let SE Syl,(H), and 
let T E Syl,(H,) with T C S. Let u E HI with i ZE / = 3. Choose 1 = Q, 4 
I< ... 4 Q,-, (1 Qlc = Q with Qj/Qjdl C L$(Z(Q/Q,j-I)) and HI/Q acting 
reducibly on QjiQj-t . An element of order Y in ~~iQ acts fixed-point-freely 
on Qi/Q.T-I ; by checking the Smodular representations of SL&P), we find that 
this is possible only if j QJQjeI I = 22m. Qj 1 = 22mj. Assume CQi&,(U> = i> 
and set V = CQi(u). Then V N V/(V I) e VQi-li$IJ-l , and thus V is 
elementary Abelian. But / V j = / Qi i = i (mod 33, which implies / V ~ = 1 
or ) F’ j > 4. As the latter alternative contradicts Lemma 6.3, we have shown 
that u acts fixed-point-free on Q. 
As in Section 4, we apply a result of Higman [13, Theorem S.zj. Q E QI X 
QS x .I. x Q, each Qi being an HI-invariant, elementary Abelian subgroup 
of order 22m. The action of HI/Q on Qzi is the natural action of S’L$P) on a 
Sdimensional vector space over GF(29. 
e SL,(4)* and Qi is H-invariant. The action of S/Q on Qi i 
considered as a 4-dimensional vector space over GF(2), is given by matrices of 
the form (i f)(f) j>j, where j = 0 or 1, I = (i y), Js = (y i), and A E {(“, g>? 
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G 3, (: ‘oh Cl :>I- TlQ is represented by matrices with j = 0. If y E S .- T, 
matrix calculation yields / Coi(y)j < 4. If Q< is not H-invariant, then 
Cc&~) = 1. 
For any of the alternatives for H/Q, an easy calculation with 2 x 2 matrices 
over GF(29 shows that / C,,Jy)/ = 2” for y E T - Q. Thus j Co( y)l < Zmk 
foranyyES-Q,andC,(X)_CQforanyX_CQwithIXj>2”k. 
If K > 1, Q is the unique largest elementary subgroup of S. Thus Q is charac- 
teristic in S and SE Syl,(G). am _C No(Q) = EJ, it follows that j Syl,(G)j/ 
1 Syl,(H)I = 1 G : ff 1. supp ose xEG and jS:SnS”/ <4. As ISI >,2l@ 
byLemma6.5and/S:Qj~23,~Q~Qj.~22.LetK=Qn~.Lemma 
6.3 shows that Co(K) is a 2-group, obviously containing Q and Q. If C,(K) C 
S* E SyI,(G), Q is the unique largest elementary subgroup of S*. j S* 1 2 
I C&l > KQ, P>I = I Q I”/1 K I, and I K I Z 18 I”/1 S* I > 22mk-3 > 2”“. 
Hence C,,(K) = C,(R) _C Q; it follows that p = Q and x E H. We have 
shown that j S : S n S, / > 8 for any S, E Syl,(G) - Syl,(N). It follows that 
/ Syla(G)/ = / Syl,(E8)/ (mod 8); this implies j G : fil j E 1 (mod 8). But / G : H 1 
is 3b-*5 or 3bp27, neither of which are congruent to 1 module 8. 
Thus K = 1. If m = 2, B/Q _N S&(4) or S&{4)*, and Q is a self-~entralizin~~ 
element subgroup of G of order 2&; then G is known by a theorem of Harada [l 11. 
If m = 3, El1 = Hand T = S. T has order 2s and, by Lemma 6.5(b), is not a 
full Sylow 2-subgroup of G; it follows that Q is not characteristic in T. The 
argument of the last two paragraphs of Section 4 completes the proof. 
LEMMA 6.7. The alternative H/Q ‘v SL,(2) of Lemma 6.4 does not OCCUY. 
Pro5f. We assume N/Q CI SL,(2). Note that Co(Q) _CQ, and 1 Q j = 2a” 
for some m as a 7-element acts axed-point-freeIy on Q. Also m > 1; otherwise 
a theorem of Harada [ll, Theorem 21 on simple groups with self-centralizing 
Abelian subgroups of order 8 would apply. 
If H does not contain a full Sylow 2-subgroup of G, the argument developed 
by Wales to handle the same 2-local structure in a group of order 2”3”7 can be 
used here. This argument begins with the last paragraph of [23, p. 5931 and 
requires only the conclusions of Lemmas 2.3, 6.2, and 6.3 and the general 
hypotheses of Section 6. 
It remains to treat the case in which H contains a full SyIow 2-subgroup of G, 
that is, a = 3m f 3. Let t E H with j t i = 3. From the fact that H acts on Q 
with an element of order 7 acting axed-poil~t”freely, it follows easily that 
/ C,(t) = 2” (for details, see 123, p. 594]). By Lemma 6.3, C,(t) must be cyclic 
or generalized quaternion; in either case, Co(r) contains an element w of order 
2”-r, and <w> acts faithfully on O,(C,(t))/<t). This implies that ?~-r divides 
3” - 1 for some K < 6 - 1. Hence R > 2”-3. We have shown 
From Lemma 5.2(b), b < a log, 2 + log, 49. Thus 
2(a--12)!3 < a(log, 2) $ log, 49 - I. 
It follows that a < 27. Since a >, 21 by Lemma 6.5 and a SE 0 (mod 3) ia ==: 21 
or 24. 
Suppose n = 24. Since 224 + il (mod 49), it follows from Lemma 5.5(a) 
that the character x1 of degree 2” must be exceptional. Then the character x2 of 
degree 3” is nonexceptional, 3” = &I-n (mod 49), and b 2 21. This violates the 
inequality in Lemma 6.2(b). 
Thus n = 21 and 1 G / = 22r3b7z. The inequality of Lemma 6.2(b) yields 
10 < b < 16. As 3b $ &l (mod 49) *h L e character x2 of degree 3b is excep- 
,(7). In the proof of Lemma 6.5, we noted that this implies b, = 0 
provided nl = (72 - 1)/e 3 3. But e must divide 48 2nd be divisible by 3 
(since some element of order 7 is conjugate to its square even in S&(2)); the 
congruence 2a3b = e (mod 72) holds only for b = 17) in which case e = 12 and 
TB = 4~ Equations (A) and (B) become. 
1 f-y& b,2 = 12, (A’) 
1 + c b,x(l) - 311 = 0. (B’) 
X#l 
As 1 - 3’1 + 0 (mod 4), th ere exists x # 1 with &x(l) + 0 (mod 4). Since x(l) 
is not a power of 3 by Lemmas 6.2 and 6.5, x(l) = 2 J”, n < 11, and b, is odd; 
in fact, Eq. (A’) shows that b, is &I or 13. Then 2 . 3” = &i or +3 (mod 49).. 
It is easy to check that this congruence has no solation with z < Il. This com- 
plates the proof of Lemma 6.7, Proposition 6.1, and Theorem 1. 
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